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Isomorphisms of Cayley Multigraphs of Degree 4 on Finite Abelian 
Groups 
C. DELORME, 0. FAVARON AND M. MAH~O 
The correspondence between finite abelian groups and their Cayley graphs is studied in the 
case of degree 4. We show that, but for a simple family of exceptions, the graph is sufficient to 
determine up to isomorphism the group and the set giving the edges. Adim’s conjecture about 
isomorphisms of circulant graphs with degree 4 is thus proven. 
CAYLEY MULTIGRAPHS AND THEIR ISOMORPHISMS 
Let G (resp. G’) be a group and A (resp. A’) a family of d not necessarily distinct 
elements ai, 1 d i d d, of G (resp. af of G’). An isomorphism r between G and G’ will 
be called an A-isomorphism if there exists a permutation o of { 1, . . . . d} such that 
r(aJ = a&,); that is, if t sends A onto A’. 
The directed Cuyley multigraph DT(G ; A) associated to (G, A) is defined as follows: 
its vertices are the elements of G and, for each vertex g, the arcs going out of g are 
(g, g”i)9 1 c i G d. This multidigraph is regular of indegree and outdegree d. It is 
connected iff A generates the group G and vertex transitive owing to the automorph- 
isms yh: g-+ hg, with h any element of G. When the family A is symmetric, that is if 
there exists a permutation o of { 1, . . . , d} such that a,(;, is the inverse of u, for all i, 
the directed multigraph is symmetric and can be replaced by an undirected multigraph 
T(G; A), the edges of which correspond to the pairs of opposite arcs 
{(gt gai), (h, ha ,,,(;,)} with h = gu,. All that has been said about the isomorphisms 
between Cayley digraphs can be easily transposed to undirected Cayley graphs. 
An A-isomorphism t: (G, A)+ (G’, A’) induces an isomorphism between the 
corresponding Cayley multidigraphs; namely, the vertex g of DT(G; A) is sent on the 
vertex r(g) and the arc (g, gai) on the arc (r(g), z(g)u&(,,). 
The isomorphisms DT(G;A)-,DT(G’; A’) induced by yh.t, where h’ is any fixed 
element of G’ and t is any A-isomorphism between (G, A) and (G’, A’), are called 
Adrim isomorphinns (the necessity to consider all the isomorphisms y,,.t and not just r 
is due to the fact that the graphs are given unlabelled). 
All of the isomorphisms between directed Cayley multigraphs are not necessarily 
Adam isomorphisms. For example, if G is the cyclic group on 5 elements and A the 
family of the 4 non-null elements, DQG, A) is the complete digraph on 5 vertices. It 
has 120 automorphisms, and only 20 of them are Adam automorphisms. It may even 
happen that non-isomorphic groups give the same directed multigraph. For example, 
the two non-isomorphic groups on 4 elements Z4 and Z2 x Z, with their family of 3 
non-null distinct elements yield the complete digraph on 4 vertices. 
The following question naturally arises: Does there exist some class of graphs, and 
some families of elements, such that if two directed multigraphs respectively associated 
to (G, A) and (G’, A’) in this class are isomorphic, then (G, A) and (G’, A’) are 
A-isomorphic? In other words, this property means that isomorphism implies Adam- 
isomorphism (note that the so-obtained Adam isomorphism may be different from the 
initial isomorphism). 
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In [l], Adam restricted the question to the case of cyclic groups and injective 
families. The digraphs and graphs are then called circulant. We recall that the only 
automorphisms of the cyclic group Z, are of the kind X-TX, with r and n relatively 
prime. Even in this case the answer is generally negative according to the example of 
[4]: G=G’=Z,, and the symmetric families A = (1, 6, 7, 9, 10, 1.5) and A’ = 
(1, 2, 5, 11, 14, 15) are not A-isomorphic, but give isomorphic graphs. 
We will give here some cases with a positive answer. In particular, the undirected 
case of degree 4 of AdBm’s conjecture, which was open according to [2], is solved. We 
restrict our study to abelian groups and from now use ‘+’ to denote their operation. 
We just give the main ideas of the proofs and refer to [3] for the details. 
THE UNDIRECTED CONNECTED CASE 
THEOREM 1. Any two finite isomorphic connected undirected Cayley multigraphs of 
degree 4 coming from abelian groups are Adam isomorphic, unless they are obtained 
with the groups and families Zdn, (1, -1, 2n + 1, 2n - 1) and Zz, x Zz, ((l,O), 
(-I, O), (I, I)? (-I, I)). 
SKETCH OF THE PROOF. Starting from a group and two pairs (a, -a) and (b, -b) of 
elements of the group, it is easy to paint the edges of the corresponding Cayiey graph 
with two colours according to the pair they come from. 
On the other hand, since A generates the abelian group G, the three numbers z, X, y 
that are the order z of a, the smallest integer y > 0 such that yb E Za and the smallest 
integer x such that ux + by = 0 or ax - by = 0, are sufficient to describe (G, A) up to an 
A-isomorphism. They appear on the coloured multigraph: z is the length of the 
a-coloured cycles, y is the number of these cycles, and x is the distance on an 
a-coloured cycle of the two ends of a b-coloured path of length y. 
The idea is to try to recover the colours of the graph, in order to determine the triple 
X, y, z and hence the group and family, up to an A-isomorphism. 
We have two main methods, based on the following remarks: 
(1) Each edge belongs to at least two (perhaps non elementary) 4-cycles since 
a + b - a - b = 0 and a - b - a + b = 0 in the group. If each edge is in exactly two 
4-cycles, the adjacent edges in these cycles have different colours, and the coloration 
can be done. 
(2) The automorphism group of the graph may act transitively on the set of edges or 
generate two orbits that are the set of a-edges and of b-edges. In this case the two 
orbits give the coloration, and we have the stronger property that every isomorphism is 
an Adam isomorphism. 
Both methods fail in few cases, which can be directly worked out. 
THE UNDIRECTED NON-CONNE~ED CASE 
THEOREM 2. Any two isomorphic, not necessarily connected, circulant multigraphs 
of degree 4 are Adam isomorphic. 
Note that the condition on graphs is weakened (connectivity no longer required) and 
the one on groups is strengthened (cyclic instead of abelian). 
SKETCH OF THE PROOF. The connected components of the multigraphs are isomor- 
phic. Hence they are also Adam isomorphic, which allows us to exhibit an 
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A-isomorphism between the groups and families using arithmetic arguments, in 
particular the Chinese remainder theorem. 
THE DIRECTED CASE 
We now just cite results for directed Cayley multigraphs of indegree and outdegree 
2. They closely resemble their undirected counterparts. 
THEOREM 3. Any two finite isomorphic connected directed Cayley multigraphs of 
outdegree and indegree 2 coming from abelian groups are Adam isomorphic, unless they 
are obtained with the groups and families Z4”, (1, 2n + 1) and Z1, x Z?, ((1, 0), (1, 1)). 
THEOREM 4. Any two isomorphic, not necessarily connected, circulant directed 
multigraphs of indegree and outdegree 2 are Adam isomorphic. 
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